Lecture 3
Revenue Equivalence
\

==

N
The previous lecture Introduced several auction

formats, emphasized the difference between private
and common values, and defined the concept of
strategic equivalence. This lecture analyzes a weaker

relation, called revenue equivalence. It is based on the
notion of equal expected net benefit to each bidder.
Revenue equivalence only applies to private value
auctions. Our discussions of pure auctions conclude
with an example of what happens when there |is
differential information in a common value setting.




Ascending and second price auctions

N
L/

N

® To illustrate concepts introduced in the previous
lecture we experimented with Dutch (descending)
and first price auctions.

® We begin this lecture with an experiment involving
English (ascending) and second price auctions.

# Recall that:

O in an English auction, the auctioneer continues to raise
the price until only one bidder is willing to pay it. (See
some rules.)

A

O in a second price (sealed bid) auction the highest bidder
pays the second highest bid.



https://www.joerpyleauctions.com/auctions/detail/pittsburgh-international-airports-annual-auction-bw48285

procurement auction

| ® Thusin a second price procurement auction

N
L/

# |n a procurement auction, the auctioneer
seeks to buy some goods and services.

bidders submit prices, the lowest price wins,
and the winning bidder pays the second
lowest price.

# |n an English procurement auction, bidders
have repeated opportunities to lower the price

until om;LQne_LemamihmmnneLMpays_g

the lowest price s/he bid.




A second price procurement auction

2.

click on “Description”.

Username: Francesca  Id: 18 Identity: 1

To close the instruction window click on “x”.

bidding window and instruction window

your screen.

leve it

N~—}—

Second Price Sealed Bid Auction

Number of invited bidders: |I

Your cost of developing software is: |229.12 . It is drawn from the uniform

distribution with minimum $200 and maximum $400.

Place your bid: | ' and click

Enter.

The bidder with the lowest bid is awarded a project and pays the SECOND
lowest bid.

If you win the auction, your profit is:

PROFIT = (THE SECOND LOWEST BID) - (ACTUAL COST OF VPN

Aavalanmanty

-ComLabGames - Client -

Username: Francesca Id: 18 Identity. 1

| »

Stage time limit: unlimited Round: 1

Continue

Player type:software supplier (1) Please make a move now!

Naiting 4 of 4 subject(s) to proceed the session!

Second Price Sealed Bid and English auction

Instructions

You are about to participate in CISCO’s online bidding auction for supplying
VPN software. There are II suppliers/bidders who are participating in this

event. Each of you has a different cost of developing VPN software. Each of
you knows your own costs but does not know the costs of the other bidders.
However, you know that the costs are drawn from uniform distribution with
minimum $200 and maximum $400. Operationally, a computer will generate a
random number between $200 and $400, so that any number in this range is
equally likely.

Second Price Sealed Bid Auction
Each bidder submits a bid simultaneously. Once everybody submits a bid the

auction is closed. The bidder with the lowest bid is awarded the VPN project
and pays the SECOND Jowest bid.

-| If you win the auction, your profit is:

PROFIT = (THE SECOND LOWEST BID) - (ACTUAL COST OF VPN

P PR PR L |




Write a bid In a second price auction

1. &\/rite a nurpber and click Enter (you can enter decimal
umber).

2. After submitting the bid, your bid should be colored in red.

3. Wait for all glayers in your session to submit bids.

. . . N ComLabGames - Client - O x
| o ) @ Description Username: Francesca  Id: 18 Identity: 1
— | @ Description | Usemame: Francesca  id: 18 Idntiy: 1 1 g ity

Second Price Sealed Hid Auction Second Price Sealed Bid Auction

Number of invited biddbrs: [& Number of invited bidders: [4

Your cost of developing software is: |229.12 . It is drawn fronfthe uniform

Your cost of developing software is: |229.12 . It is\drawn from the uniform
distribution with minimum $200 and maximum $400.

distribution with minimum $200 and maximum $400. =

Place your bid:
Place your bid: and click

N / Enter.
Enter.

The bidder with the lowest bid is awarded a project and pays the SECOND
__lowest bid. ]

and click

The bidder with the lowest bid is awarded a project and pays the SECOND
lowest bid. u

If you win the auction, your profit is:
If you win the auction, your profit is:

PROFIT = (THE SECOND LOWEST BID) - (ACTUAL COST OF VPN

PROFIT = (THE SECOND LOWEST BID) - (ACTUAL COST OF VPN | deualanman 1 =
davialanman: 1 = Stage time limit; unlimited Round:; 1 Continue

| Stage time limit: unlimited Round: 1 Continue | Player type:software supplier (1)  Please wait for other players to make their choices! |
| Player type:software supplier (1)  Please make a move now! | Naiting 3 of 4 subject(s) to proceed the session!

maiﬁn_q 4 of 4 subject(s) to proceed the session!




—  Brief summary of the second_price sealed bid auction

Summary page for sealed bid auction

1. Click “Continug” to move to English auction instructions.
2. ' ' ' ' ontinue”.
@ comLabGames - Client — O X

(& Description Username: Francesca : 18 ldentity: 1

Your cost of developing software was |229.12 , anmd your bid in this auction
was |220.1? . Please click "Continue" and proceed to the English auction.

Summary results will be given at the end of the experiment.

Stage time limit: unlimited Round: 1 ( Continue

Player type:software supplier (1) Please make a move now! \
Waiting 4 of 4 subject(s) to proceed the session!




English auction instructions

B ComlLabGames - Client — — ><

) Description Username: Francesca Id: 10 Identity: 1

English Auction |

Instructions

You are about to participate in CISCO’s online bidding auction for supplying VPN software.
There are |4 suppliers/bidders who are participating in this event. Each of you has a different

cost of developing VPN software. Each of you knows your own costs but does not know the
costs of the other bidders. However, yvou know that the costs are drawn from uniform
distribution with minimum $200 and maximum $400. Operationally, a computer will generate a
random number between $200 and $400, so that any number in this range is equally likely.

You will be competing against the other |3 bidders by successively lowering the price at
which you are willing to develop the software. The price will be lowered automatically by |1D by
the computer each time one of the bidders click on the yellow bid within |5 seconds. The

bidding will stop when nobody is willing to submit a bid any further in the allocated time of I?

seconds, and CISCO will award the project to the supplier who was the last to submit the bid. |

If you click on your yellow bid that looks like this |3ﬂ within ”? seconds it means that you

are willing to provide the software for that price. If you click on |30 the computer automatically
lowers the price by |1D dollars. The current price will show the lowest bid submitted so far in

the anction  If nohodw sinithmits a hid (clicks on the hid)y within the allocated IR csecnncds the ~
Stage time limit: 46 Round: 1 | Continue |
I Player type:software supplier (1) Please make a move now! I

VW aiting 4 of 4 subject(s) to proceed the session!




English auction page

1. The price will be lowered automatically by $10 each time

Py

"he bidding will stop when nobody/is willing to submit a
id any further in the allocated time of 5 seconds.
3. If you click on your within 5 seconds |t means

— that you are willing to provide the software for that price.

B comlLabGames - Client

| T Description | lsermarme:. Francesca iz 182 1o e mtity: 1

-
-gne of the bidders click on the veliow bic —within 5 seconds.
]

k

I

RNumber of bidders parficipatinmng: |4

English .ASauaction

our cost of dewveloping softwvwware iIs |229-12 St is drawwn from th uniform
distributionrn wwith minimum 35200 and maxirmum 5400 . vYou hawve (0] seconds to

click omn the welloww offer below. IF nobody submits the bid wwithinn fthis period thhe

auction is closed. The project is awarded to (he last bicdder wh submitted the
bicd and it is shownrn in current price .

Current price Izl:ll:l

Click on your bid| [388 to submMmit it/

%@ tirme lirmit: =1 \ Rounda: -l Contirnu

ey WW Pleasae invnalke & innoswres Foe s !

Aiting 1 of 1 subject{s) to proceed the session!




Current bid page for English auction

L For 2 seconds a window with the current bid
T IS shdxn before the next round of bidding.

@& mlLabGames - Client — | >
| @) Description | eeeeeeeeeeee t2
English Auction
Current bid is: |400
Stage time Iimit:| 2 | Round: 1 Continue ( )
| PPPPPP type:software supplier (2) Please make a move now! \\

Waiting 2 of 2 subject(s) to proceed the session!




Summary page

ComlLabGames - Client

=

@ Descr_iption? ] Username: Francesca Id: 18

ldentity: 1

Summary of results for the Second Price Sealed Bid Auction

Your cost for developing the software was |229.12 , your bid was |220.17 the price was !220.17 ;
and your profitis [0 .

Summary Results for the English Auction

Your cost for developing the software was |229_12 , your last bid was |320 the price was , |320
and your profit was |90.83 . Below is the summary data:

Player name Costs Bid - secon... Price - sec... Profit - sec... Your pricec...Final price ... Profit -Engl...
Francesca 229.12 220.17 220.17 0 320 320 90.88
Jason 37T 27 300 0 0 0 320 0
Ann 2211 211.17 0 093 350 320 0
Paul 383.37 322 0 0 390 320 0] =
Stage time limit: unlimited Round: 1 Continue

Player type:software supplier (1)

same is over!




Strategic equivalence between
selcond—price and ascending auctions

# |n private value second-price and in ascending auctions:

nobody learns anything about their own valuation during the auction.

L the winner learns nothing about the highest losing bid until the auction ends.

1 the highest bidder pays (roughly) the second highest price.

# These features also hold when there are only 2 bidders, regardless|of
whether the valuations are private or not.

4 In both cases an ascending auction is strategically equivalent to a second
price sealed bid auction.

# |n common value auctions these two auction mechanisms are not
strategically equivalent if there are more than 2 players. (1,

Rule 2: If there are only two bidders, and/or valuations are private, choose
the same reservation price in English and second price auctions.




Bidding Iin a second-price auction

® \If you know your own valuation, there is a general result
~“about how to bid in a second price sealed bid auction, or
where to stop bidding in an ascending auction.

#  Bidding should not depend on what you know about the
valuations of the other players, nor on what they know

about their own valuations.

® |t is a dominant strategy to bid your own valuation.

® A corollary of this result is that if every bidder knows his

own valuation, then the object will be sold for the second
highest valuation.

1
N

Rule 3 . In a second price sealed bid auction, bid your
valuation if you know |It.




Proving the third rule

# Suppose you bid above your valuation, win the auction,
—and-the-second-highest bid-alsoexceedsyour valuation.

In this case you make a loss. If you had bid your valuation
then you would not have won the auction in this case. In
every other case your winnings would have been identical.

—lheteigtabtddmggtguuaumm dominates bidding above

# Suppose you bid below your valuation, and the winnin
bidder places a bid between your bid and your valuation.
If you had bid your valuation, you would have won th
auction and proflted In every other case your winning
would hav
valuation dominates bidding below it.

® The proof is completed by combining the two parts.
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evenue versus Strategic Equivalence

N

/
In strategically equivalent auctions, the strategic form

them, are identical. Are bidders ever indifferent to
auctions that lack strategic equivalence?

a set of players their valuations, and their information
sets, the expected surplus to each bidder and the
expected revenue to the auctioneer is the same.

Revenue equivalence is a less stringent condition than

strategic equivatence. Thus two strategic equivatent <

auctions are invariably revenue equivalent, but not all
revenue equivalent auctions are strategic equivalent.

solution strategies of the bidders, and the payoffs to all

Two auction mechanisms are revenue equivalent if, given




Revenue equivalence theorem

N
N
#| The revenue equivalence theorem (Session 3.1) states
that in private value auctions, the expected surplus to
each bidder does not depend on the auction mechanism

itself providing the following conditions are satisfied:

1. Every bidder is risk-neutral.

2. Valuations are independent and identically distributed.
3. In equilibrium the bidder with highest valuation wins.
4. The lowest possible valuation has zero expected value.

| >4

# Note that if aftbidders obtain the same expected <~

surplus, the auctioneer obtains the same expected
revenue too.




Intuition from revenue equivalence

§
N
# Calibrate your bid to your valuation only to the
extent that it affects your beliefs about the
highest valuation of the all the other bids.
® Working from the assumption that yours is the
highest valuation, bid high enough to induce the
next highest bidder to make a small expected loss
In order to beat your bid.
® The theorem implies that the auctioneer’s

expected revenue Is also the same (Session 3.2).

~




Write a bid In First price sealed bid auction

Write a number and click Enter.

Wait for oth

I players In your sesgkgn to submit a bid.

® ComlabGames - Client — O

(& Description Username: Ari Id: 2 Identity: 1

® ComlabGames - Client - O X

[ Description UsernaiNg: Ari Id: 2

Identity: 1

First Price Sealed Biq Auction

n

Your cost of developing software is : [367.2 . lt|lis drawn from the uniform

distribution with minimum $200 and maximum $400.

Place your bid:
The bidder with the lowest bid is aw

If you win the auction, your profit is:
PROFIT = (THE LOWEST BID) - (ACTUAL COST OF VPN development)
If there is a tie, computer will randomly select one of the lowest bids.

If the difference is negative, it represents a loss. If you loose the auciton, you will
earn 0.

Price Sealed Bid Auction

n

Your cost of developing software is : \367.2 . It is drawn from the uniform

distribution with minimum $200 and maxifyum $400.

Place your big and click Enter.

The bidder with the lowest bid Is awaraea a project.

If you win the auction, your profit is:
PROFIT = (THE LOWEST BID) - (ACTUAL COST OF VPN development)
If there is a tie, computer will randomly select one of the lowest bids.

If the difference is negative, it represents a loss. If you loose the auciton, you will
earn 0.

Stage time limit: unlimited Round: 1

Stage time limit: unlimited Round: 1

‘ Player type:bidder (1) _ Please make a move now!

Ill Player type:bidder (1) _ Please wait for other players to make their choices!

Waiting 4 of 4 subject(s) to proceed the session!

IWaitinn 3 of 4 subiectis) to nroceed the session!




Summary page for sealed bid auctlon

& ComlabGames - Client

& Description

Username: Ari id: 2 Identity: 1

L] X

Summary of results

Player ID Costs Bids Lowest Bid Profit
Ari 367.2 399 0 0
Simona 256.37 286 286 29.63
Leila 395.44 390 0 0

Marco 387.48 400 0 0

Your costs were |367.2 , your bid was: |399 . The the lowest bid was |286 and
your profit is |E . Below are the list of all the bids.

Stage time limit: unlimited

Round: 1

Continue

Player type:bidder (1)

Game is over!




N\

_omparison of bidding strategies

N

® The bidding strategies in the first and second

price auctions markedly differ.

®

In a second price auction bidders should submit
their valuation regardless of the number of
players bidding on the object.

In the first price auction bidders should shave
their valuations, by an amount depending on the
number of bidders.

(1,
N




Using the revenue equivalence theorem
to derive optimal bidding functions

N
N

# We can also derive the solution bidding strategies
for auctions that are revenue equivalent to the

| second price sealed bid auction.

# Consider, for example a first price sealed bid
auctions with independent and identically
distributed valuations (Session 3.3).

® The revenue equivalence theorem implies that
each bidder will bid the expected value of the next

highest MMWWMWWT

the highest.




An example: the uniform distribution

N
% Suppose valuations are uniformly distributed within a
closed interval, with probability distribution:

P(V): (V_Vo)/(v_vo)

# Then in equilibrium, a player with valuation v bids a
weighted average of the lowest possible valuation and
his own, where the weights are 1/N and (N-1)/N:

b(v,)=v, —P(v J" IV"P(V)N’ldv

Vo

o 1,
=V, = (v, =vo) " [TV v

Vo

=V, /N+v_ (N -1)/N




Differential information In

CC

N

mmon value auctions

N

@

In common value auctions the second lecture
highlighted, everyone was equally informed. Each bidder
knew their own signal was as good as every other.

What happens if bidders are differentially informed

about a common value?

For example, one bidder might know more about the
value of the object being auctioned than the others.

An extreme form of dependent signals occurs when one
bidder knows the common value exactly and the others
do not:

o How should the informed player bid?
o What about an uninformed player?

AN




Second price sealed bid auctions

\@@ In a SPSB auction, Rule 3 implies the informed player
U~ optimally bids his true value.

% The uninformed player bids any pure or mixed distribution:
a If she wins the auction she pays the common value.
a If she loses she pays nothing.

o She neither gains or loses on any bid.

# This implies the revenue from the auction is indeterminate,
that is anywhere between zero the common value.

® For example, if the uninformed player bids:
o zero, the auction nets zero.

o more thantheitem—cc
the common value.

# \What about a FBSB auction?




Differential Information First price auction

1. | Bidding screen for the informed bidder, OpenChanne/

Bidding scr
business v

B ComlabGames - Chent
@ Description Usemame: Al

First price segled bid fommon value auction First price sealed bid commgn value auction

@Descﬂplion ‘ Username: Francesca  ld: 2

Id: 29 Identity: 2

D

Numbe nl‘hldnl-c#'pnrliu]p.aling' E Number of bidders particip\{ing: E
y

148.22 JThis estimate of the

other bidder participating in the afiction does not have this information. She is given just an value of the business is fandomly drawn from the interval (Actual BUSTTEss value value - $30) to
estimate of the actual value of of OpenChannel business. For your information, this estimate of |- | (Actual business value +¥30). Each estimate in this interval is equally likely. Actual business
actual business value is randonly drawn from the interval (Actual business value - $30) to value (V) will always be bqtween §100 and $300 inclusively, and each value in this range is
(Actual business value + $30). equally likely. The other bider participating in the auction does have the information about the

actual business value (V) akd you do not have this information.

The actual value of OpenChannel pusiness i ‘133.39 You are informed about this value. The | | Your estimate of the adual value of OpenChannel business i

r bid .~ and click return. ) _
Place yo\r bid and click return.

emember the lowest bid wins the auction!
Remgmber the lowest bid wins the auction!
INESS VALUE (V)) - (THE HIGHEST BID) B
I~ \PROFIT = (ACTAUL BUSINESS\ALUE (V)) - (THE HIGHEST BID)

PROFIT = (ACTAUL BU

If the difference is negafive, it represents a loss. If you loose the auction, you will receive zero. |

age time limit; unlimited Round: 1 Continue

Stage time fimit: ed Round: 1 Continue
Pl type:Uni d - Stripe (1 ki wl
\ _ Player type:informed - OpenChannel gement {1}3.& make a move now! l ( ayaryp ripe (1) AW AN BN

Waiting 2 of 2 subject(s) to pr sjon!

AMatblmme Al A melle ~d g bm mmmmmm e mmmmhm




Summary page for differential auction

N
N

Informed bidder

(D Description | Usemame: Francesca  1d: 28 Identy: 1

Uninformed bidder

B ComlabGames - Client

@ Description | Usememe: Al 1d: 20 Identty: 2

Summary

Your bid for acquiring OpenChannel business was W , the actual value of the company

was (133.39 , and the winning price was W . Your profit is: E .

Data for individual session:

Summary

Your estimate of OpenChannel business's value was: 1148.22 . Your bid was W , the actual

company value was 1133.39 . The winning price was W and profit is: ﬁ

Data for individual session:

Player's use... Player type S v Bids  Winningbid  Profit
Francesca | Informed - ... 0 133.39 100 110 0
Al Uninformed...n  148.22 133.39 110 110 23.39
Stage time limit; unlimited Round: 1 Continue

Player's u... Player type S v Bids  Winning bid  Profit
Francesca Informed-., 0 133.39 100 110 0
Al Uninform... 148.22 133.39 110 110 23.39
Stage time limit: unfimited Round: 1 Continue

Player type:Informed - OpenChannel management (1)

Player type:Uninformed - Stripe 1)  Please make a move now!

3ame is over!

Game is over!




Uninformed bidders
should not be predictable

N
N
# | Suppose the uninformed bidder always makes the
same positive bid, denoted by, 4. This is an example of
a pure strategy.

# | Is this pure strategy part of a Nash equilibrium?

# The best response of the informed bidder is to bid a
little more than b;,.4 when the value of the object v is
worth more than by, .4, and less than by, ., otherwise.

# Therefore the uninformed bidder loses or makes zero“”
by playing a pure strategy in this auction. A better
strategy would be to bid zero (Session 3.4).




Principles for Bidding in Auctions

Assume your own valuation is the high enough to win.
Bid high enough to pay the break-even value of the

Shave your bid to account for the winner’s curse if you

don’t know your own valuation but only have a signal

Be wary of bidding with less knowledge than your rivals.

The greater the number of bidders the less opportunities

In a second price auction bid your valuation, and in an

ascendhwﬁumﬁﬁmfowﬁUﬁﬂhﬁﬂmrﬁewkﬁij

QSummar/z/ng some general principles for bidding:
1.
highest losing bid.
2.
that is correlated with those of the other bidders.
3:
4.
there are for profit.
b:
6.

Bid the same way in a first price sealed bid auction as a
descending auction.
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